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ABSTRACT

It is proved that if we approximate the Euclidean ball B" in the Hausdorff
distance up to ¢ by a Minkowski sum of N segments, then the smallest possible
N is equal (up to a possible logarithmic factor) to c(n)e %"~ M= +2)_A similar
result is proved if B* is replaced by a general zonoid in R*,

The topic of approximating convex bodies by zonotopes (i.e., polytopes
which are Minkowski sums Z/_, I; of segments I;) was the subject of several
papers in recent years. The main question is how many summands N are
needed in order to approximate a given n-dimensional zonoid Z up to &, in the
Hausdorff metric, say (a zonoid is by definition a convex body which can be
approximated arbitrarily well by zonotopes). We are interested here in the
dependence of N on ¢ for a fixed dimension n and, more specificaily, for the
case where Z is the usual Euclidean ball B” in R". It is easy to see and well
known that for Z = B" the question can be formulated equivalently as follows:
How many directions { y;}/_, C $"~! = dB" are needed in order to be able to
determine the surface area of a convex body Kin R” (up to a relative error of ¢)
by knowing the (#n — 1)-dimensional volumes of the projections of K on the
hyperplanes orthogonal to {y;}).,. The determination of the { y;}/~, them-
selves is a question of finding a good distribution of points on $"~'.

The specific question for Z = B” was treated e.g. in [4], [2], [3] and [5]. In [3]
it was proved by using spherical harmonics that if P = ZX, I; is a zonotope
with B" C P C (1 + ¢)B" then

(l) N§C|(n)8-2("_ly("+2).
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Our aim here is to prove that up to a possible logarithmic factor (1) is the
right estimate (we assume n = 3 since for # = 2 the situation is trivial).

THEOREM 1. For n=3 there is a constant c(n) so that for every
0 <& <1/2 there is a zonotope P = 2/, I; so that B* C P C (1 + &)B" and

@) N = ci(n)e2|log g|)®—Vn+2),

PrOOF. By straightforward duality the statement of the theorem is
equivalent to the following. There are {z;}/_, in "' and non-negative scalars
{a;})L, with N given by (2) so that

.
3) Y oal{x,z)| —B.| Se, xes!

Jj=1

where B, is a constant which we choose to take as {s-1 | (x, z)|du(z) where u
denotes the normalized rotation invariant measure on S" ..

We shall apply an idea which has already proved useful in other questions
concerning distribution of points on spheres (cf. [1]; the connection of the
problem of approximating B” by zonotopes to the questions treated in [1] was
pointed out in [5]). The surface of the ball is first cut by a deterministic
procedure into small pieces. In each of these pieces points are then chosen at
random. Here we shall choose randomly in each small piece a configuration of
n + 2 points. The points in each such configuration are strongly dependent but
the configurations in the different pieces are chosen independently of each
other.

Let N be an integer (for the time being arbitrary; the connection with ¢ via (2)
will enter only at the end of the proof) and put

(@) n=N-Vo-D

We partition $" ' into N compact connected sets {Q;}/L, with u(Q,)=N""'
for every j (and thus u(Q;, N Q;) = 0 for j, # j,) and so that the diameter of each
Q;is = c;(n)n. For each jlet u;be the probability measure Ny o on Q;and let
be the set of probability measures o on Q; of the form

n+2 n+2

g= 2 A’i(a)éy,(a):v li(a) ; Os '21 /1,-(0') = 15 yi(a)er

so that
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n+2

6) T a@ @)= [ o) = [ f») =N [ f)ducy)

for every function f which is the restriction of a linear function on R” to Q;.

We claim that y; belongs to the w* closed convex hull X; of Z; (in the usual
topology on measures, induced by C(Q;)). Indeed, otherwise there would exist
a g€ C(Q)) such that

®) J, sau)>supd [ somotryoes).
Consider the map 7 : Q; —R"*! defined by

m(x) = (X1, Xz, . . ., X, (X))

where x, denotes the kth coordinate of xE€Q, C §"~'. The point w =
(s, ..., Uy, fo & du), where u = (u,, . . ., u,) is the barycenter of y;, belongs to
Conv n(Q;). Hence, by Carathéodory’s theorem, there are {y;}'"’€Q, and
{4} 22 with 4,20, XA, =1 so that w=Z3!*?A;n(y;). The measure o =
Zpt? 4;0,, belongs to X; and satisfies {4, g du; = {,, g do contradicting (6). Hav-
ing established that ; € K| it follows that there is a probability measure v; on
the w* compact set X, whose barycenter is y;, i.e., for every f€ C(Q))

n+2
M N | fau(y)=| fMaw»)=| X A(o) f(yi(o))dv,(o).
Q [} 1

j |-

We choose now on each Q; a 0 €X,; randomly according to the probability v;.
The choices for different j are done independently of each other. For each
fEC(S"") the N independent variables (on IT.(Z;, v)))

hAD)="S 4o frion - [ fay
all have mean 0 by (7). If fand j are such that f , is a restriction to Q, of a linear
function, then A; ;=0 by (5). Also, if fsatisfies a Lipschitz condition
(8) |fuw)—fW| = |u—-v||, u,veES"!
then it follows from our assumption on the diameter of Q; that for all o and j
1Ay, r(0)] = cs(n)n.

We recall now a basic fact from probability theory, namely the so-called
Bernstein inequality, which in its simplest form reads as follows.
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Assume that {g;}/., are independent random variables on a probability
space with mean 0 and bounded uniformly by 1 in absolute value. Then for
0<dxl

J
2 g

Jj=1

) Prob {

> JJ} = 2exp(— J6%/2).

Let x €5"~! and consider f,(y) = | (x, ¥} | € C(S" ). Clearly f, satisfies (8).
Moreover, the restriction f; to g, is linear provided Q; does not meet the set
{y; {(x,y) = 0}. The set of j’s for which Q; meets { y; (x, y) = 0} has cardina-
lity at most c(n)Ny = J. By applying (9) to the family {#; ;/c(n)n}/_, and
remembering that only J of them are not identically 0, we get for 0 <d <1

N
Prob {aE II%;

j=1

N
Zl hj,j;(aj)

Jj=

> ¢y(n)cyn )anN}

(10
< 2 exp( — cn)nN6/2).

We now recall the value of 7 from (4) and choose d so that ¢;(n)c(n)on* =
&/2. For N satisfying (2) we have d < 1 for ¢ < g(n). We can now rewrite (10)
as follows: The probability of the set ¢ = (g, . .., o) EILY. | Z; so that

N n+42

an N3 T 2@ 0~ [ 1 X lduty)| > er2

Jj=1 =1
is at most
2 exp( — N+ =Ng2/c(n)).

We let now x vary on an &/4 net in $"~!. The number of points in such a net
is = (c¢(n)/e)"~'. Hence if

2(ce(n)/e)* ! exp( — N@+n=bg2/c(n)) < 1

(and this is the case for N of the form (2) with suitable c,(n)), then there are
6 ENY., Z, for which (11) does not hold for any x in the net. For such g, the
expression in the right-hand side of (11) is at most equal to ¢ for every x €S" !
and this is the desired result (3) (with N replaced by N(n + 2)). m|

The argument used to prove Theorem 1 can be modified so as to apply for
general zonoids in R". For n = 2 the situation is trivial; any zonoid (which
means actually any symmetric convex body in this case) can be approximated
up to & by a zonotope having ¢(2)e !> summands. For n = 3 we obtain for
general zonoids the same result as for B>, For n = 4 we get for general zonoids
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a result which is only marginally worse than that for B* (a somewhat larger
logarithmic factor). For n = 5 our proof gives for general zonoids a result with
a worse exponent than that for B".

THEOREM 2. Forn = 3 there is a constant c(n) so that for every 0 <e < 1/2
and every zonoid Z in R" (having the origin as an interior point and center) there
is a zonotope P =Z_, I, with Z C P C (1 + &)Z and so that

(12) N =c¢(3)e~*|log ¢ |° ifn=3,
(13) N=c@)e '|loge|*? ifn=24,
(14) N =c(n)e tjloge|)*=2"  jfn=5.

ProoF. The argument in all three cases is very similar. We shall present
here only the proof for n = 4. The outline of the proof follows that of Theorem
1. We just point out the places where the argument differs.

By passing to the dual space we see that what we have to show is the
following. Let 7 be a probability measure on S°, then there exist N points
{z;}X, on S? and non-negative scalars {a;}/_, so that

N

(s) S ez, 001 = [ 162,%)1de(2)

j=1

<e, x€S8°

There is no loss of generality to assume that 7 is absolutely continuous with
respect to the rotation invariant measure g on S* and that it has positive
density everywhere.

Let N be an integer and put again n = N~ '3, We partition S into M < ¢,N
compact sets {Q;}, with u(Q; N Q,) =0 for j, # j, as follows. For every
u € S°let r, be the radius of the cap on S° with center u whose T measure is N ™!,
We let C, be the cap on S* with center u and radius min(r,, ). The caps
{C,}ues form a covering of S°. By the Besicovitch covering theorem (cf. [6]
Theorem 1.2.1) there is a subcovering {C,}L, of {C,}.es Which has a
bounded multiplicity. (Every point in S is covered at least once and at most ¢,
times. The constant ¢, does not depend on N; it depends just on the dimension
which now is 3.) Since for each u

max(7(C,), y(C.)) Z ;N ™!

it is clear that the M we getis = ¢, N for some c,. We next replace each C, by a
compact subset Q; so as to obtain disjoint sets (up to measure 0). Observe that
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7(Q;) = N~! for every j. We assume that 7(Q;) > 0 for every j (otherwise we
simply discard some indices).

On each Q; we define the set X; and the measure v; on Z; as in the proof of
Theorem 1; we just replace N~ 'y, there by (@) ~'1,g, in the present context.
The random variables to which we apply the Bernstein inequality will now be
normalized as follows. For fEC(SY)and 1 =j =M

6
(16) k,40) = 3 7(@)(@) ko)) - [ fnde(y).

These variables have v, mean 0, vanish if fg, is linear, and if fsatisfies (8) then
17 |k; o) = N~'.diameter(Q;).

Let x €S? and put f, = | {x, y)| €C(S?). For the argument in the proof of
Theorem 1 it is important to know on how many sets Q;, f; o, fails to be linear
and thus, for how many j does C, intersect {y; (x, y) = 0}. For p >0 put

A, ={j;C, N {y;{x,y) =0} # &, radius C, between p and 2p}.

Let J, be the cardinality of 4,. By the fact that the covering {C, };., has finite
multiplicity, we deduce that
J p" P3 = Cap.

Since always J, = M and p =1, we may restrict our attention to the range
[~ N~Y2 N-13] and since we allow radii between p and 2p, only ¢; log N sets
A, appear.

From (9), we get for 0 <é <1 and some ¢; >0

(18) Prob {0; Y k(o) > cspJ‘,&N“‘} = 2 exp(— J,0%2).
€4y

We choose now 4 so that cgpJ, 0N ' = ¢/cs log N. Then (18) becomes
(19) Prob {a; Y ki (o)

€4,

> ¢elcslog N} =< 2exp( — N%*c,log? N).

By summing (19) over all ¢ log N sets 4, we get that

M

6
3 3 HQM@ AN~ | ,ﬁ(y)dr(y)‘>e}

j=1 i=1

Prob {a;

is at most 2¢;s log N exp( — N%e%/c, log? N). We conclude the proof as in the case
of Theorem 1 by taking nets of vectors x on S°. We deduce that for N as in (13),
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the required inequality (15) holds for appropriate «;and z;and all x provided N
is replaced by 6M and ¢ by 2e¢. O
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